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Abstract

This paper describes an analysis of multistage intercon-
nection networks with unique interconnection paths
where queues are placed in the bxb crossbar switches
from which the networks are constructed. An approxi-
mate model of the network's behavior is developed.
From this model, communication delay time and net-
work throughput are dertved. In addition, using the
model, queue lengths may be chosen =4 that the network
satisfles certain performance requirements

1. Introduction.

In high performance multiprocessor computer sys-
tems, a high capacity communication channel is typi-
cally required if processor communication/data move-
ment is not to be a systemn bottleneck. A wide variety of
interconnection networks have been developed to satisfy
this need. This paper describes an analysis of a class of
packet switched multistage interconnection networks
that have unique interconnection paths. An approximate
model is developed that is appropriate for use in multi-
ple instruction, multiple data stream (MIMB)} multipro-
cessor systemns. Due te space limitations, this paper has
been abstracted from [MaM82] where complele deriva-
tions and references are given.

Section 2 describes the multiprocessor model
assumnptions and the performance measures to be
derived (several more are implicit in the analysis). See-
tion 3 describes the queueing analysis {with approxima-
tions) of the model and derives expressions for the per-
formance measures developed in section 2. Section 4 is
the conclusion

2. System Model, Operation, and Assumptions.

This section describes the multiprocessor system to
be modeled. System operation in the context of the
model 15 described and simplifying system operakion
assumptions are described

The multiprocessor architecture is shown in Figure
1 {all figures are at the end of the text). The system con-
sists of processing etements {PE's, processors with local
mermnory) connected by an interconnection network.

The system to be modeled s a packet switched sys-
tem with n PE's {n = %6 = 2% & an integer, and 2 is
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the number of stages in the multistage interconnection
network)}, or packet sources, that emit communication
packets of constant length. A packet consists of a des-
tination address fleld and a data field. For example, a
packet may be a memory word or several memory
words. When a source emits a packet, the packet is
destined for one of the n sink devices (PE’s here), i.e.,
packet broadeasting is not modeled.

Two network performance rmeasures are derived.
they are measures of communication delay time and
neiwork throughput. They are:

(1) Packet delay tirme (PDT) - this is the average time
required for a packet to reach its destination. POT
is the average delay encountered by a packet lrom
the time of emission from its source to the time
of arrival at its destination.

(2) Network throughput {NTP) - this is the average rate
of packet flow out of the network at the destination
side.

The interconnection network for this analysis is
assumed to have the unique transmmission path pro-
perty. That is, for any transmission path required there
exists only a unique set of switch settings that will yield
the transmission path, or put another way there is only
one choice of a transmission path for every route
between PHEs. Multistage networks which satisty this
requirerment are those that are bit controlled, i.e.,
where each stage in the network determines its switch
settings by using a unique field [rom the destination
address tag. Furthermore, these flelds are mutually
disjoint. ‘Multistage networks which exhibit this pro-
perty include delta, generalized cube, and omega net-
works. The requirement of unique transrnission paths
will be seen later in the network analysis.

2.1. Assumptions.
(1} All processors behave independently.

(2} Each processor emits packets as a Poisson process
with rate A. Thus program behavior is modeled as
follows: a program executing on processor i emitts
packets at any time, the average time between

packet emnissions is %

{3) When a processor emits a packet, the selection of a
destination sink 1s assumed to be uniformly distri-
buted over all sink devices. This is an apprexima-
tion, since a processor will nol emil packets
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destined for itself.

From the bit controlled property, and the uniform
distribution assumption, it may be seen that fer every
packet traversing the network at stage i, its  position
at the next stage is distributed uniformiy over all out-
puts of the next stage switch to which it is routed {each
bit of the address field is either 0 or 1 with equal proba-
bility). Thus packet routing at any stage is independent
of all other stage routings. This allows a stage-by-
stage queueing analysis to be done. Figure 2 shows
the gqueueing network configuration of a bxb crossbar
switch on which delta networks are based.

3. Network Queueing Analysis.

This section analyzes interconnection network
behavior to find PDT and NTP.

The analysis will be performed in a stage-wise
fashion. Initially the first stage will be analyzed [note
that all queues in a given stage behave similarly due to
symmetry in processor emission rates and uniform des-
tination distributions) to find queue behavior. The
results of the first stage may then be used to find second
stage behavior. Likewise for all successive stages
Approximations will be made in order to make the
analysis tractable.

Again, each packet entering a &dxb switch is ran-
domly destined {with umform distributien) for one of the
b output queues. All inputs te all bxb switches in the
first stage are Poisson processes with rate A. Thus, by
decomposition and superposition of Poisson processes,
each queue in the @rst stage sees a Poisson process with
rate 3, % = X at its input. Figure 2 shows the situation.

i=1

The exponential servers model randomness associ-
ated with the time required to move a packet from one
stage to the next. Synchronous queue servers take a
non-zero amoeunt of time to move a packet to the next
stage. Thus, multiple packets may try Lo enter a queue
sirnultaneously (in a synchronous design}, some of which
will be delayed. The use of an exponential server is an
attempt to models this interstage data movement delay,
without unduly complicating the analysis.

All queues in the first stage behave identically and
independently. Therefore, it suflices to analyze a single
queue of the first stage.

3.1. First Stage, Single Queue Analysis.

For an M/ M/ 1/ L queue, results from queueing
theory are available [GrH74]. Let,

Pr = Prik pockets in the queueing sfafion] Osk<[

be the steady-state, general-time, cccupancy probabili-
ties for a queueing station. Then,
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Let N be the random variable representing the
steady-state number of packets in a queueing station (~v
will be subscripted with a queue number tater). Then:

E[N]= hzi:lkpx

_ oll = (L+1)ot + Lobt)
(1 =p)1-p"*Y

Thus the first stage queue is easily analyzed. For
successive stages the situation is generally complicated.

Consider the interdeparture process at the output
of an M/ M/ 1/ * (* denctes any queue length including
infinite) queueing station with Poisson input rate A and
Poisson service rate u, its probability density may be
shown to be [MaMB2]:
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(3.1) is equivalent to a 2-hyperexponential server as
shown in Figure 3.a provided 0= IPo = 1. {In actual-
ity, po for M/ M/ 1/ L queues is greater than 1 —p so
Figure 3.a is not strictly valid for #/ M/ 1/ L queues.)
(3.2} is equivalent te Figure 3.b. Note that the inter-
departure process is a renewal process with a non-
memoryless interdeparture time distribution. The non-
memorylessness ol the interdeparture process implies
that processes input to second stage queues are not
renewal processes unless, to an approximation, either

Pe™1-p pg™ND orp=1 with T+1 a 1. [If processes

input te queueing stations are not renewal processes,
analysis is very complex and simulation is a simpler
technique for obtaining accurate results.]

Three cases arise:

Case ]

Pp™ 1 —p corresponds to a lightly loaded M/ M/ 1/L
queueing station with an output process that is close to a
Poisson process with rate A. Note that pa®™ 1 — p is also
an approximation to an M/ M/ 1/ = queue, which has

Po=1-p. Since ﬁ is the average time required for a

packet transfer between stages and }1: is the average

time between packet emissions {i.e., message emissions)
from processors, it is cur contention that x> Ain a typ-
tcal multiprocessor system running in an independent
processor, MIMD mode. The condition u > A ensures
case |

Cases 1l and 11 (which correspond to a saturated
M/ M/ 1/ L queueing station and an 4/ M/ 1/ L queue-
ing station with p & 1) are described in [Ma¥B2]. Due to
space limitations and our contenlion that case I is most
applicable in the majority of situations, only its analysis
Is presented here.

In case I, first stage output processes are approxi-
mately Poisson so the second stage has approximately
Pewsson inputs. Obviously, there is some inaccuracy
involved unless pg = 1 = p: however, the regton of validity
for this approximation may be characterized in terms af



allowable values for pg, p. and L.

Consider the region for which the lightly loaded
M7 M7/ L approximation applies. Since an M/ M/ 1/ =
queue has a Poisson interdeparture process with rate A,
a simple bound on the difference between p, e and
Poy,u,.,, Yill suffice (only pg affects fr(t) for both
MsrHMsi/L and M/ M/ 1/ = queues when p # 1) for a
bound on error. Define D to be the maximuwm allowable
difference between Poy,use 204 Poy,,, ., i relative

error with respect topg,, ... Then:

o> Poy,urre “POusurisa
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That is. p < will satisfy (4). Thus selecting I

D+l
places a bound on the region of validity (with respect to
D) tor the light loading approximation.

Case Il and III validity regions are described fully in
Mavsz] ™

Figure 4 shows the regions of analysis validity for
Po,,, = -05. As can be seen from the graph, L =30
implies the analysis is relatively accurate for almost all
p

3.2. Network Analysis.

Using the approximations from section 3.1, the net-
work will now be analyzed to find PDT and NTP from sec-
tion 2.

Since queues are finite in length. packets will be
rejected when they attempt to enter full queues. Due to
this eflect, packets may be lost at any stage of the net-
work. That is, the network does not exhibit the bloeking
property [Dif80] (which is an intractable analysis except
for the simplest networks of queues). When a packet is
lost, it is routed back to its source to be resubmitted
(alternatively, buffers could be placed between stages
for lost packets, but this amounts to lengthening
queues). Figure 5 shows the packet return path
configuration. The submission/resubmission process
resembles a Bernoulli process where the probability of
evenlt oceurrence is:

P = Pr{ packet is not rejected at any queue | .

This approximation is supported by discrete time
analysis and simulation.

The average number of trials before Lhe first event
ogcurrence in a Bernoulli process is:

E{number of trials before event ovcurrence] = —;2

Define the following:
Prei = Prl k packets in gqueue i ot an arrival |

random variable representing the time spant
Ty =1 by a packet in queue i, service lime
is included in this measurement,

the average time from packet emission
to refurn when the packet is lost (rejected)
somewhere in the nelwork.

E\ Tnjael } =

Then,

pP= ﬁ(l - Py)
i=1

With the Bernoulli submission/resubmission approxima-
tion:

POT % BE(T] + 122 ElToge] 5)
i=1

And
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Resubmission processing by sources is assumed to be
instantaneous.

Case | Analysis.

For the light loading approximation. Figure 8 shows a
series of 2 queues that represents a transmission path
through the network. The equivalence of each of the
queues in the transmission path relies on the equal rate,
uniferm destination distribution., and unique transmis-
sion path assumptions. The analysis may be extended
(by considering Poisson flow rates! to accommodate
unequal rates with general destination distributions.

From Little’s formula

E[T‘-]=R—(f[—_N;J]I§ i=1,2, .z
From (1.1):

P!.;PL"=1—1:%}?T‘PL i=L2 L2
1-pp =t —py = L& i=1,8, z

1 __pLHl
So frem (2):
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ElT]= E[T] = Bt = p)(1 - p%)

And,
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From {8):

Bl Trwies] = p0 300 = DE(TI - o)
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Therefore,
PDT = [z + ﬁ% (1 -z + (z~1)ﬁ=)]£{r]

Te find NTP, simply subtract the rate of network
packet loss from m A, the packet input rate.

x
NTP =n) - Y nipy
i=1
1+ (z=1)ph*l —apl

=nA i __pfnl{‘\

PDT and NTP for n = 64, b = 4, verses p for several
L are shown in Figure 7. Note that as L + «, NTP + nA
as would be expected because no packets are lost when
L is very large {as is also the case for networks with
blocking, but in that case NTP = nu(l - pg,)). Note also
that as L »+ = (or L gets large) the cost of the network
becormes large for both delta networks and crossbars
(i.e., the largest cost factor of the network becomes the
queues) so it i3 actually less costly to use a crossbar
because only n queues are required whereas for delta
networks nlog,n queues are needed. With a single stage
network such as a crossbar, POT is considerably better
aiso.

Case Il and 11 results are dertved in [MaMB2].
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4. Conclusion.

An analysis of a class of packet switched, multistage
interconnection networks (that exhibit the bit controlled
property) was presented. The analysis (with approxima-
tions) allows network communication delay and network
throughput te be evaluated for certain combinations of
queue lengths, interstage transfer rates, and processor
packet emissions rates. From the analysis, queue lengths
that satisly performance requirements may be chosen.
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