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Abstract

A new analytic performance model is presented
for multiprocessor systems employing multiple bus
interconnection networks. The system bandwidth is
analyzed as a two stage process taking into account
conflicts arising from memory and bus interference.
The analysis covers multiple bus systems in which each
memory is connected to every bus, and systems in
which each memory is connected to a subset of the
buses. The model is compared to previously published
simulation data and is shown to be in close agreement.

1. Introduction

A great deal of attention has been paid to the
design and analysis of interconnection networks for
multiprocessor systems. Most of the previous research
has dealt with crossbar networks or multistage net-
works [1]. While these networks are attractive for
applications where high bandwidth is required, their
high cost and special implementation requirements
have prevented them from being used for the full
range of multiprocessor applications. Most commer-
cial systems containing more than one processor
employ a single bus; consider, for example, the design
philosophy advocated for the iAPXB6 family in which
the Multibus (IEEE 796 standard bus) provides all the
intrasystem communication [2]. Single bus systems
are inexpensive and easy to implement but have lim-
ited bandwidth and lack fault tolerance. A natural
extension is to employ several shared buses to
increase bandwidth and fault tolerance at moderate
cost. Figure 1 shows typical systems in which &
buses are used to interconnect N processors to M
memory modules (F<N). Unlike a crossbar or multis-
tage network, a multiple bus interconnection scheme
allows easy incremental expansion of the number of
processors and memories in the system. Furthermore,
the buses can be configured in a variety of ways to pro-
vide a range of trade-offs between bandwidth, connec-
tion cost, and reliability.

Recently, Lang, et al. [3,4] have investigated mul-
tiple bus systems of the kind depicted in Figure 1.
Using simulation they determined the bandwidth
characteristies of two representative bus configura-
tions, complete and partial. In the complete case,
which is illustrated in Figure 1(a), every processor and
memory module is connected to every bus; in the par-
tial case. which is illustrated in Figure 1(b), each
memory need only be connected to a subset of the
buses. In particular, Lang et al. [3] showed that a com-
plete multiple bus configuration with B N N/2 has
almost the same bandwidth as an NxM crossbar, as
well as higher fault tolerance. Similar advantages can
be obtained at lower cost using a partial bus

configuration.

This paper presents an analytic model of the
bandwidth of multiple bus systems. Our results are
shown to agree closely with the experimental data
presented in [3]. Section I defines the underlying
assumptions and develops the bandwidth model. Sec-
tion Il then compares the analytic model to the previ-
ous simulation results. Finally, some possible exten-
sions of this model are mentioned in Section IV.
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Figure 1. Two multiprocessor systems with multiple
bus interconnection networks: (a) complete; (b) par-
tial.
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II. The Model

The systems shown in Figure 1 are assumed to be
synchronous, and processor-memory transactions are
assumed to occur during discrete time intervals
termed bus cycles {continuous time analogues of such
systems are discussed in [5.6]). For the purposes of
this paper, bandwidth will be defined as the expected
number of buses in use during a bus cycle. Apart from
the configuration of the system, i.e., the values of
B,M,N. and the buses grouping used, the most
important factors affecting bandwidth are the rate at
which memory requests are made by processors, and
the degree of conflict that those requests experience.

There are two sources of conflict due to memory
requests in a multiple bus system. First, more than
one request can be made to the same memory module,
resulting in memory interference. Second, there may
be an insufficient number of buses available to accom-
modate all the memory requests, resulting in bus
interference. In [3] a two-stage arbitration scheme is
used to resolve these conflicts. In the first stage,
- memory interference is resolved by M 1l-out-of-N
arbiters each of which selects at most one outstanding
request per memory module. In the second stage, bus
interference is resolved by a FB-out-of-M arbiter
which assigns the buses to the memory requests
selected in the first stage. The assignment is done on
a round robin basis by each arbiter. In a realistic sys-
tem requests that are blocked by either memory or
bus interference are resubmitted during the following
"bus cycle. This policy for handling rejected requests is
implemented in the simulation model of [3]. Analytic
models that capture this feature appear to be intract-
able except in those cases where B, M, and N are very
small [7].

The basic assumptions underlying our model fol-
low those of [3]. Each processor is assumed to gen-
erate independent requests (Bernoulli 'trials) for
memory with probability p at the start of each bus
cycle. This value of p will be referred to as the
request rate. Meodeling the memory access process as
a Bernoulli process has been validated empirically in
[6-10], and is widely used as a basis for memory
interference models. The memory requests are
assumed to be uniformly distributed across all the
memeories with probability 1/ M ; this is a reasonable
assumption when address interleaving based on the
low-order address bits is used. Hence, the probability
that processor P; requests memory M; is p/M for
all 1 and j . Note that the foregoing assumptions
imply that the rejected requests are in effect dis-
carded. As we will show later, this simplifying assump-
tion yields results quite close to simulations in which
blocked requests are resubmitted during the following
bus cycle.

The analysis can be treated in two parts
corresponding to memory interference and bus
interference.

Memory interference analysis : As noted earlier the
probability that processor P; requests memory M; is
given by p/ M . It follows that the probability that P;
does not request M; is given by (1-p/#), and
further, that the probability that none of
P (i=1, ... .N) requests M; is given Dby
(1-p/ M) . This last expression can also be inter-
preted as the probability that the 1-out-of-N arbiter

associated with M; has no input requests from which
to choose. Conversely, the probability that there is at
least one request for M; is given by

g =1~ (1-p/ ¥W (1)

From the behavior of the arbiters, we can conclude
that the probability that one request gains access to
M; is ¢ forall 7.

Bus interference analysis : Only the requests from at
most B of the M l-out-of-N memory request arbiters
can be handled during any bus cycle, since there are
only B buses. The probability that exactly i of the
M memory-request arbiters output a memory request
is given by

6= Mgt (1-g)k- O]

The probability that B or more of the ¥ memory-
request arbiters output a memory-request can be writ-
ten

F(g)= E’f r@) (3)
i=B

This is the probability that all B buses are in use, i.e.,
the interconnection network is saturated. From equa-
tions (2) and (8), the following expression can be
derived for the expected number of buses in use dur-
ing a bus cycle:

B =B F(B)+ 5 i 1) (4)

{=1

By our earlier definition, BW also represents the
bandwidth of a complete multiple bus system.

As will be shown, the above expression for BW is
in close agreement with the simulation results
presented in [3]. The major source of error arises
from the assumption that blocked requests are dis-

.carded. In reality, and also in the simulations, blocked

requests are repeatedly resubmitted or queued until
the memory they request allows them access. Equa-
tion (4) can be refined by taking this into account in
the manner described below.

The probability that a memory request is
accepted in the bus cycle in which it is made, is given
by
:1

P, Np

®

The numerator of (5), i.e., the bandwidth, measures the
number of requests that obtain memory access during
a bus cycle. The denominator of (5) measures the total
number of requests made by all the processors during
a bus cycle. It is convenient to define an "adjusted’
request rate a«, that accounts for resubmission of
rejected requests, where O=p=<oa<1. By assumption,
the memory request process is a Bernoulli trail with
success probability p or, in the case of the adjusted
rate, o . It follows that the mean number of bus
cycles before a request (trial) is 1/p—~1, or in the



case of the adjusted rate, 1/ a—1 [11]. Thus, the ratio
of the number of successful requests to the total
number of requests, i.e., P, . is given by

Py = —— (6)

Equations (5) and (6) can be used in an iteration

scheme to get an improved estimate for BW due to

the adjusted rate «, as follows:
B¥W(«a

, V()
Np

-1

(j;—l) Q)

Opsr = |1

Here we are using equation (1) for ¢ with a replacing
p . Solution of (7) for «,, yields an improved value,
BW(ag+1) . for the bandwidth. Any remaining devia-
tions from the simulated bandwidth occur because «
does not take into account the fact that resubmissions
are all directed to the same memory. This iterative
technique is an adaptation of a method first proposed
by Hoogendoorn [10] (for details see [12]). For large
systems, i.e., large M or N, a higher order iterative
scheme may be used in place of equation (7) to reduce
the number of steps to solution.

It is also possible to derive a analytic expression
for the change in bandwidth, ABW , due to the removal
(or loss) of one bus. Let

ABW = BW(B) — BW(B-1) (8)

Then from equation (4) it can be shown that
ABW = F(B) (9)

Equation (3) shows that F(B) is the sum of the last
M-B+1 terms of a binomial series. This can be
approximated to the tail of a normal distribution with
high accuracy if # is large [11]. In tact, the approxi-
mation works well even if M is as small as 10. By
approximating ABW in this way, it is possible to show
that ABW ~ 2 percent if the following holds:

B > Mg + 2vHg(1—-q) (10)

For example, for ¥ = N =16 and p = 0.5, a value of
B > 10 yields a bandwidth that changes by no more
than 2 percent if a bus is removed.

We now generalize equation (4) for the case of par-
tial buses (Figure 1(b)). The memory interference
analysis is the same as before, since it is independent
of the bus configuration, i.e., equation (1) continues to
apply. However, the bus-interference analysis needs
modification. If the H buses are grouped into g
equal groups (assuming g is a factor of B), equa~
tions (2) and (3) become the following:

L g
fo@)=|M/9 gt (1-q) ¥ (11)
Fymy="%" 1,6) (12)
i=B/g

Consequently, the bandwidth can be written as
y:i

2

BW, =g g FoB) + gzajl i fg(d) (13)

which is simply g times the bandwidth of any one of
the g subsystems formed from N processors, B/g
buses, and M/g memories. Equation (13) can also be
incorporated into the iterative scheme of equation (7),
as follows:

BWg(‘xk)

T (1p) (19)

Oy = 1 —

As before, equation ({14) yields an improved value,
BW,{(0441) . for the bandwidth.

1. Evaluation of Results

In this section we briefly compare the results
obtained from our analytic model with the simulation
data of Lang et al. [3]. The same N X N multiproces-
sor configurations are employed, including systems
with complete buses, and systems with two group of
partial buses.

Table 1 shows the simulation results presented in
[8] for complete bus systems. The bandwidth B¥W is
calculated for various values of B and N, with p,
the independent processor request rate, assigned the
values 1.0 and 0.5. The data here clearly indicates that
BW changes very little after N reaches B/2. Table
2 shows BV as predicted by equation (4). The differ-
ence between the simulated and analytic values of
BW is presented in Table 3. It can be seen that,
except for small values of N and p , this difference is
less then about 10 percent, indicating reasonable good
agreement between our results and those of [3]. Table
4 presents the bandwidth values obtained by using the
iterative method. The corresponding percentage devi-
ations from the simulated values (Table 1) appear in
Table 5. The maximum difference has now been
reduced to less than 7 percent in all cases.

Lang et al. also sirnulated the partial bus organiza-
tion of Figure 1(b) with g = 2; their results are tabu-
lated in Table 8. The corresponding analytic data,
obtained using the iterative method of Section 1II, is
given in Table 7. Comparison of these two sets of

results shows good agreement (less than 7 percent)
between the analytic and empirical data; see Table 8.

Number of processors N (=M )
Number
of 4 8 12 18
Buses, B

p=l p=5]p=1 p=5]p=1 p=5|p=1 p=5
1 1.00 1.60 | 1.0 100 | 1.00 1.00 1.00 1.00
2 197 1.65 | 200 2.00 | 200 200 | 200 2.00
3 255 1.7r | 3.00 287 | 3.00 3.00 | 3.00 3.00
4 262 177 | 3.3 333 14.00 395 ] 4.00 4.00
5 462 345 | 489 4.67 | 500 4.98
;] 4,80 3847 | 583 5.03 | 6.00 585
7 494 347 | 8.68 5.13 ] 6988 643
8 495 347 |72 5.8 | 7.82 6.70
9 7.2t 518 | 872 6.82
10 7.28 5.6 | 9.27 6.83
11 7.30 5.18 | 8.53 6.83
12 7.30 5.18 | 8.61 6.83
13 8.63 6.84
14 9.63 6.84
15 9.63 6.84
16 963 884




Table 1. Bandwidth BW obtained by simulation for the complete Number of processors N (:M)
bus. Number 2 o
1 1
Number of processors N (=M ) Bus:; B 8
N“mfbe’ N o 12 6 p=1_p=5lp=1 p=5|p=1t p=5]p=1 p=5
Buses. B 1 -1.00 -3.00 | 0.00 000| 000 0.00]| 0.00 0.00
' - - - = - - = - 2 -4.08 -4.24 | 0.00 -1.00 | 000 0.00| 0.00 0.00
p=l ’3‘885 ;’"‘ ’3"93 ’1’0(’) . O‘g = olo 2 005 3 -1.8 000 | -1.00 -2.44 | 000 -0.33| 0.00 0.0
é ?'gg 2 Thalzee 19l 59 20 4 420 1.13 | -1.53 -1.80 | -0.25 -1.01] 0.00 -0.25
3 |252 163|207 257|300 280 | 3.00 2.08 : 9% 02040 a0l 999 o0
4 273 1.66 | 3.87 2.89 | 3.00 367 | 4.00 3.01 v S67 144 | 030 058|014 -0.83
3 250 300 | aor e 200 4w 8 6.06 144 169 136 |-0.38 0.15
7 522 3.23 | 666 472 | 697 587 . ase 174 000 088
8 525 323|724 478 | 789 6.15 b ota 174 | ses 230
2 708 ab0 | S &m 12 658 174 | 941 2.0
1 777 480 | 9.86 6.37 ii s gg
12 778 4.80 | 10.13  8.37 b ops 508
13 1025 6.37 16 608 205
14 10.29  6.37
15 ;ggg ggz Table 5. Percentage difference between calculated (Table 4) and
16 * * simulated values (Teble 1) of BW .
Table 2. Bandwidth BW calculated from equation (4). Number of processors N (=M)
Number of processors N (=) Nm;ber 4 8 12 16
Number -
of 4 8 12 18 S =1 p=5|p=1 p=5|p=l p=5
Buses. Y70 150 | 187 183 | 1o7 100 | so0 ies
) - - - - = =51 p=1 p=5 1+1 . 1 1 1. . . . .
— =l enS o pelpad bolped palwe| 22 |262 17 361 s | 381 364 386 379
z |-206 -1333| 000 -600| 000 -1.00| 0.00 o000|| 3*3 Rl Il B
3 4118 -7.91 | -1.00 -10.45 | 0.00 -3.67 | 0.00 -0.67 ots . . 724 516 | 879 677
4 420 -6.21]-1.53 -10.21 | -0.25 -7.09 | 0.00 -2.25 ore 758 516 | 943 683
5 -0.65 -8.41 | -0.40 -9.42 | 0.00 -4.82 b - - 050 68:
6 286 -7.20 | -0.84 -9.15 | -0.17 -7.52 44 o3 68
7 587 -6.92|-0.30 -7.69 | -0.14 -8.71 . :
g 6.06  -6.92 ;gg 'Zgg 'ggg :ss; Table 6. Bandwidth BWj; obtained by simulation for the partial bus
10 618 -6.98 | 1.20 -7.03|c2%¢ (2groups).
11 8.44 -6.98 | 3.46 -8.73 Number of processors N (= M)
12 658 -698| 541 -8.73 Number
13 8.44 -6.87 of 4 8 12 16
14 6.85 -8.87 | | Buses, B
15 6.06 -8.87 p=l =5)p=1 p=51p=1 p=5] p=1 p=95
18 8.96 _-8.87 141 1.80 1.49 | 1.97 1.2 | 2.00 198 | 2.00 2.00
2¢2 | 273 179 | 373 3.12 {385 376 | 3.99 3.95
Table 8. Percentage difference between calculated (Table 2) and a4+3 488 347 | 571  4.80 504 558
simulated values (Table 1) of BW . 444 525 3.52 | 7.00 518 | 7.71 850
Number of processors N (:M) 5+5 7.63 524 8.10 8486
Number 6+6 7.78 525 | £.92 6.6
of 4 8 12 18 7+7 10.24 6.98
Buses, B 848 1030  6.98
p=1__p=5_ p=1 p=5 | p=1 p=5 p=l p=.6
1 099 0.07 | 1.00  1.00 | 1.00  1.00 | 1.00 1.00 Table 7. Bandwidth BWp calculated from equation (14).
2 1.89 158 | 200 198 | 200 200 200 200 Number of processors N (= M)
3 252 197 | 287 280 | 3.00 299 | 3.00 3.00 Number
4 273 179 | 387 327|369 391 400 3.99 of 4 8 12 16
5 459 346 | 4.97 460 | 3500 4.85 Buses,B
[} 504 3.51 | 5.88 4.99 399 5.79 p=1 p=5lp=1 p=51p=1 p=5!p=1 p=5
7 522 3.52 1666 516 897 6.37 141 | 345 -0.67 | 535 4.92 | 417 4.74 | 3.63 3.63
8 52 382 1724 523 789 671 242 | 420 113332 032|367 330|337 422
2 758 525 872 6.88 3+3 339 087 | 344 084 | 366 2.76
:(,) s ggz g-gg g'gg 4+4 649 1.44 | 3.40 118 | 3.07 125
. - - . 5+5 539 155 | 353 1.33
12 v 52511013 6.08 6+6 6.87 174 | 520 1.80
13 1025  6.98 7+7 878 2.05
1 oze s%e| | 5
18 10.30  6.98 Teble B. Percentage difference between caleuleted (Table 7) and
Table 4. Bandwidth B¥ with adjusted rate & caleulated from equa- simulated values (Table 6).

tion (7).

IV. Conclusion

We have presented new analytic formulas for BW
and BW, . Although they are fairly simple, they are in
close agreement with previous simulation results. Pos-
sible extension to this work include examining the
effects of different arbitration schemes on B¥ and
fault tolerance, Also of interest is obtaining a simple
approximation for [OW —-B¥, to evaluate the
bandwidth degradation of different partial bus



groupings. After this paper was submitted a result
similar to that in equation (4) ( BW for a complete sys-
tem) was derived independently in [13].
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